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Abstract. Quantum double construction, originally due to Drinfeld 
and has been since generalized even to the operator algebra hamework, 
is naturally associated with a certain (quasitriangular) _R-matrix TZ. It 
turns out that TZ determines a twisting of the comultiplication on the 
quantum double. It then suggests a twisting of the algebra structure on 
the dual of the quantum double. For D{G), the C*-algebraic quantum 
double of an ordinary group G, the "twisted D{G)" turns out to be the 
Weyl algebra Co(G) x-r G, which is in turn isomorphic to K,(L^{G)). 
This is the C*-algebraic counterpart to an earlier (finite-dimensional) 
result by Lu. It is not so easy technically to extend this program to 
the general locally compact quantum group case, but we propose here 
some possible approaches, using the notion of the (generalized) Fourier 
transform. 



1. Introduction 

There are a few different approaches to formulate the notion of quan- 
tum groups, which are generaUzations of ordinary groups. In the finite- 
dimensional case, they usually come down to Hopf algebras [1], [H], although 
there actually exist examples of quantum groups that cannot be described 
only by Hopf algebra languages. More generally, the approaches to quan- 
tum groups include the (purely algebraic) setting of "quantized universal 
enveloping (QUE) algebras" [6], [Ij; the setting of multiplier Hopf algebras 
and algebraic quantum groups [19], [9]; and the (C*- or von Neumann al- 
gebraic) setting of locally compact quantum groups [TO] , [11] , [13] , [20] . In 
this paper, we are mostly concerned with the setting of C*-algebraic locally 
compact quantum groups. 

In all these approaches to quantum groups, one important aspect is that 
the category of quantum groups is a "self-dual" category, which is not the 
case for the (smaller) category of ordinary groups. To be more specific, a 
typical quantum group A is associated with a certain dual object A, which 
is also a quantum group, and the dual object. A, of the dual quantum group 

is actually isomorphic to A. This result, A = A, is a generalization of the 
Pontryagin duality, which holds in the smaller category of abelian locally 
compact groups. 

For a finite dimensional Hopf algebra H, its dual object is none other than 
the dual vector space H' , with its Hopf algebra structure obtained naturally 
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from that of H. In general, however, a typical quantum group A would be 
infinite dimensional, and in that case, the dual vector space is too big to be 
given any reasonable structure (For instance, one of the many drawbacks is 
that (^4 (g) A)' is strictly larger than A' (g) A'.). 

In each of the approaches to quantum groups, therefore, a careful at- 
tention should be given to making sense of what the dual object is for a 
quantum group, as well as to exploring the relationship between them. This 
is especially true for the analytical settings, where the quantum groups are 
required to have additional, topological structure. The success of the lo- 
cally compact quantum group framework by Kustermans and Vaes |10) , and 
also by Masuda, Nakagami, and Woronowicz [13] is that they achieve the 
definition of locally compact quantum groups so that it has the self-dual 
property. 

Meanwhile, given a Hopf algebra H and its dual H, there exists the notion 
of the "quantum double" Hd = iJ°P x H (see [6], [H])- This notion can be 
generalized even to the setting of locally compact quantum groups: From 
a von Neumann algebraic quantum group (A^, A), one can construct the 
quantum double {No, Ad). See Section 2 below. 

The quantum double is associated with a certain "quantum universal R- 
matrix" type operator TZ £ N^i (g N^. It turns out that TZ determines a left 
cocycle for Ad, and allows us to twist (or deform) the comultiplication on 
Nd, or its C*-algebraic counterpart Ad- The result, (AdjIZAd), can no 
longer become a locally compact quantum group, but it suggests a twisting 
of the algebra structure at the level of Ad, the dual of the quantum double. 
Our intention here is to explore this algebra, the "deformed Ad" ■ 

There are two crucial obstacles in carrying out this program. For one 
thing, the C*-algebra Ad itself can be rather complicated in general. In 
addition, unlike in the algebraic approaches, even the simple tool like the 
dual pairing is not quite easy to work with. In the locally compact quantum 
group framework, the dual pairing between a quantum group A and its dual 
A is defined at dense subalgebra level, by using the multiplicative unitary 
operator associated with A and A. While it is a correct definition (in the 
sense that it is a natural generalization of the obvious dual pairing between 
H and H' in the finite-dimensional case), the way it is defined makes it 
rather difficult to work with. For instance, there is no straightforward way 
of obtaining a dual object of a C*-bialgebra. 

These technical difficulties cannot be totally overcome, but we can im- 
prove the situation by having a better understanding of the duality picture. 
Recently in [8], motivated by Van Daele's work in the multiplier Hopf alge- 
bra framework [2T], the author defined the (generalized) Fourier transform 
between a locally compact quantum group and its dual. In addition, an 
alternative description of the dual pairing was found (see Section 4 of [8] ) , 
in terms of the Haar weights and the Fourier transform. This alternative 
perspective to the dual pairing is useful in our paper. 
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In the case of an ordinary locally compact group G, so for A = C*^^{G) 
(the "reduced group C*-algebra") and A = Co(G), the quantum double 
turns out to he Ad = Co{G) xia G, the crossed product C*-algebra given 
by the group G acting on itself by conjugation a. It is also known that 
Ad = G*^^{G) Co{G). After carrying out the twisting process of Ad 
as described above, we will see in Section 5 below that it gives rise to the 
crossed product C*-algebra B = Co(G) xi^-G, where r is the translation. This 
algebra is often called the "Weyl algebra" . It is quite interesting to observe 
this relationship between the quantum double (a quantum group) and the 
Weyl algebra (no longer a quantum group), which are both well-known to 
appear in some physics applications. 

Meanwhile, it is known that as a C*-algebra, the Weyl algebra is isomor- 
phic to the algebra of compact operators: Co(G') G = /C(L^(G)). In the 
(finite-dimensional) Hopf algebra setting, a similar process was carried out 
by Lu [12], [T3]: Lu's result says that the twisting of the dual of the quantum 
double turns out to be isomorphic to the smash product H^H, which is in 
turn known to be isomorphic to End(-ff). In this sense, our observation here 
will be the G*-algebraic counterpart to Lu's result. See also, [5], where the 
result is obtained in the setting of multiplier Hopf algebras. 

Motivated by the results in these "good" cases, we then try to consider the 
case of general locally compact quantum groups. While there are technical 
obstacles, we propose in Section 6 a workable approach based on the property 
of the Fourier transform. For a general (not necessarily regular) locally 

compact quantum group A, the G*-algebra of "deformed Ad" may no longer 
be isomorphic to IC{TC) and can be quite complicated: It may not even be 
of type I. 

Here is how the paper is prepared: In Section 2, we give basic definitions 
and review some results about locally compact quantum groups and its 
dual. We will also describe the dual pairing map, including an alternative 
characterization obtained recently by the author. 

In Section 3, we will discuss the quantum double construction. This is a 
special case of the "double crossed product" construction developed by Baaj 
and Vaes in [3j. However, the scope of that paper is a little too general, 
and we needed to have an explicit summary written out on the quantum 
double construction for a general locally compact quantum group. Some 
of the results here, while straightforward, were just barely noted in [3] and 
have not appeared elsewhere: Among such results is the discussion on the 
"quantum ii-matrix" type operator. In Section 4, we will see how the R- 
matrix TZ determines a left twisting of the comultiplication on the quantum 
double. It will suggest a twisting (deformation) at the dual level. 

In Section 5, we consider the case of an ordinary group and its quantum 

double D(G), then carry out the twisting of D{G). As noted above, the 
result is shown to be isomorphic to the Weyl algebra. In Section 6, we 

consider the general case. Using the case of D{G) and D{G) as a basis, we 
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will collect some information that can be used in our efforts to go further into 
the case of general locally compact quantum groups. We will propose here a 
reasonable description for the deformed A^. The notion of the generalized 
Fourier transform defined in [8] will play a central role. 

2. Preliminaries 

2.1. Locally compact quantum groups. Let us first begin with the defi- 
nition of a von Neumann algebraic locally compact quantum group, given by 
Kustermans and Vaes [llj. This definition is known to be equivalent to the 
definition in the C*-algebra setting [10], and also to the formulation given 
by Masuda-Nakagami-Woronowicz [13]. Refer also to the recent paper by 
Van Daele [20j. We note that the existence of the Haar (invariant) weights 
has to be assumed as a part of the definition. 

Definition 2.1. Let M be a von Neumann algebra, together with a unital 
normal *-homomorphism A : M ^ M ^ M satisfying the "coassociativity" 
condition: (A (g) id)A = (id (8)A)A. Assume further the existence of a left 
invariant weight and a right invariant weight, as follows: 

• is an n.s.f. weight on M that is left invariant: 

f{{LO id)(A2;)) = uj{l)ip{x), for ah x G ajt+ and w G M+. 

• ■i/' is an n.s.f. weight on M that is right invariant: 
tp{{id®uj){Ax)) = uj{l)7p{x), for ah x G and a; G M+. 

Then we say that (M, A) is a von Neumann algebraic quantum group. 

Remark. We are using the standard notations and terminologies from the 
theory of weights. For instance, an "n.s.f. weight" is a normal, semi-finite, 
faithful weight. For an n.s.f. weight (p, we write x G to mean x G 
so that ip{x) < oo, while x G means x G M so that ip{x*x) < oo. See 
|17j . Meanwhile, it can be shown that the Haar weights (p and tp above are 
unique, up to scalar multiplication. 

Let us fix ip. Then by means of the GNS construction (7Y, l, A) for ip, 
we may as well regard M as a subalgebra of the operator algebra 13{Ti.), 
such as M = t(M) C B{n). Thus we will have: {A{x),A{y)) = ip{y*x) for 
x,y G and aA(y) = t(a)A(y) = A(ay) for y G OT^, a G M. Consider 
next the operator T, which is the closure of the map A(x) i— > A(x*) for 
X G n . Expressing its polar decomposition as T = JV^/^, we obtain 
in this way the "modular operator" V and the "modular conjugation" J. 
The operator V determines the modular automorphism group. Refer to the 
standard weight theory [17] . 

Meanwhile, there exists a unitary operator W G B{'H®7{), called the mul- 
tiplicative unitary operator for (M, A). It is defined by W*(yK{x) (8) A(?/)) = 
(A (g) A)((Ay)(x 1)), for x,y G DTi^. It satisfies the pentagon equa- 
tion of Baaj and Skandahs [2]: W12W13W23 = W23W12. We also have: 
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Aa = W*{1 (g) a)W, for a G M. The operator W is the "left regular repre- 
sentation", and it provides the following useful characterization of M: 

M = {(id(g)a;)(Ty) : u G BiH),}'" (c Bin)), 

where —"^ denotes the von Neumann algebra closure (for instance, the closure 
under cr-weak topology). 

If we wish to consider the quantum group in the C*-algebra setting, we 
just need to take the norm completion instead, and restrict A to A. See 
[lO], [20]. Namely, 

A = {{id®uj){W) : oj e B{n),}^^ " (C B{n)) . 

Constructing the antipode is rather technical (it uses the right Haar 
weight), and we refer the reader to the main papers [TO], [11]. See also 
an improved treatment given in [20], where the antipode is defined in a 
more natural way by means of Tomita-Takesaki theory. For our purposes, 
we will just mention the following useful characterization of the antipode S: 

S{{id®Lo){W)) = {id(^uj){W*). (2.1) 

In fact, the subspace consisting of the elements {id®u)){W), for lj € B(7i)^, 
is dense in M and forms a core for S. Meanwhile, there exist a unique 
*-antiautomorphism R (called the "unitary antipode" ) and a unique contin- 
uous one parameter group r on M (called the "scaling group" ) such that we 
have: S = Rt 2_. Since (R R)A = A'=°Pi?, where A^°p is the co-opposite 

2 

comultiplication (i.e. A'^°p = x o A, for x the flip map on M M), the 
weight ipoRis right invariant. So we can, without loss of generality, choose 
ip to equal ip o R. The GNS map for will be written as T. 

From the right Haar weight -0, we can find another multiplicative unitary 
V, defined by V{T{x) r(y)) = (F F) (Ax)(l O y)) , for x,y £ 01^. It is 
the "right regular representation" , and it provides an alternative character- 
ization of M: That is, M = {(w(g)id)(y) : w G B{n)4'" (c B{n)). 

Next, let us consider the dual quantum group. Working with the other 
leg of the multiplicative unitary operator W, we define: 

M = {{oj0id){W) : uj e BiH)^}"" (C B{n)). 

This is indeed shown to be a von Neumann algebra. We can define a comul- 
tiplication on it, by A{y) = Y.W{y 1)W*J:, for all y e M. Here, S is the 
flip map on 7^(8) and deflning the dual comultiplication in this way makes 
it "flipped" , unlike in the purely algebraic settings (See the remark following 
Proposition 12.21 for more discussion.). This is done for technical reasons, so 
that it is simpler to work with the multiplicative unitary operator. 

The general theory assures that (M, A) is again a von Neumann algebraic 
quantum group, together with appropriate Haar weights ip and ip. By tak- 
ing the norm completion, we can consider the C*-algebraic quantum group 
(A, A). The operator W = TiW*!^ is easily seen to be the multiplicative 
unitary for (M, A). It turns out that W e M M and W e M (^M. 
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The left Haar weight on (M, A) is characterized by the GNS map 
A : TC, which is given by the following (See Proposition 8.14 of p^O]): 

{A{{uj id)(t^), A(x)> = ujix*). (2.2) 

For this formula to make sense, we need uj € 0(H)* to have L > such that 
|Li;(a;*)| < L||A(a;)|| for all x G It is known that for such linear forms co, 

the elements {u (g) id)(VF) form a core for A. See [10], [TT] . 

The other structure maps for (M, A) are defined as before, including 
the modular operator V, the modular conjugation J, and the antipode S. 
As for the antipode map 5, a similar characterization as in equation ()2.ip 
exists, with W = now being the multiplicative unitary. Namely, 

S{{uj (g) id)(W*)) = (w (g) id)(W). The unitary antipode and the scaling 
group can be also found, giving us the polar decomposition S = Rf± . 

2 

The modular conjugations J and J are closely related with the antipode 
maps. In fact, it is known that R{x) = Jx*J, for x € M and R{y) = Jy*J, 
for y G M. It is also known that J J = v'^/^JJ (where u is the "scaling 
constant"), and that W* = {J®J)W{J®J), and V = {J®J)T.W*T.{J®J). 
We have: V G M' ^M, where M' is the commutant of M, with the opposite 
product. See [ITj and [18]. for further results on the relationships between 
various operators. 

Repeating the whole process again, we can also construct the dual (M, A) 
of (M, A). An important result is the generalized Pontryagin duality, which 

says that (M, A) = (M, A). 

We wrap up the subsection here. For further details, we refer the reader 
to the fundamental papers on the subject: [2], [22], [10], [H], [13], [20] , 

2.2. The dual pairing. Suppose we have a mutually dual pair of quantum 
groups (M, A) and (M, A). Let W be the associated multiplicative unitary 
operator. The dual pairing exists between M and M, but unlike in the 
(purely algebraic) cases of finite-dimensional Hopf algebras or multiplier 
Hopf algebras, the pairing map is defined only at the level of certain dense 
subalgebras of M and M. To be more specific, consider the subsets A (C M) 
and A (C M), defined by 

A = {{id(S)uj){W) luJeA'U} 

and 

A = {{io' id)iW) -.J € M*}. 

By the general theory, it is known (see [2] , [11] ) that the spaces A and A are 
actually (dense) subalgebras of M and M. The dual pairing exists between 
A and A: That is, for b = {w ^ id)(I^) G A and a = {id ^9){W) G A, we 
have: 

(6 I o) = ((w id){W) I (id ^e){W)) := (cj e){W) = io{a) = e{b). (2.3) 
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This definition is suggested by [2]. The properties of this pairing map is 
given below: 

Proposition 2.2. Let (M, A) and (M, A) be the dual pair of locally compact 
quantum groups, and let A and A be their dense subalgebras, as defined 
above. Then the map { \ ) : ^ x ^ — > C, given by equation (j2.3[) . is a valid 
dual pairing. Moreover, we have: 

(1) (6162 I a) = {bi (g) 62 I A(a)), for a e A, bi,b2 e A. 

(2) (6 I 0102) = (A™P(6) |ai 002), forai,a2 e A, b e A. 

(3) {b j S{a)) = {S-\b) \a), for a € A, b e A. 

Remark. Bihnearity of ( | ) is obvious, and the proof of the three properties 
is straightforward. See, for instance. Proposition 4.2 of [8]. Except for the 
appearance of the co-opposite comultiphcation A™p in (2), the proposition 
shows that ( | ) is a suitable dual pairing map that generalizes the pairing 
map on (finite-dimensional) Hopf algebras. The difference is that in purely 
algebraic frameworks (Hopf algebras, QUE algebras, or even multiplier Hopf 
algebras) , the dual comultiphcation on H' is simply defined by dualizing the 
product on H via the natural pairing map between H and H' . Whereas in 
our case, the pairing is best defined using the multiplicative unitary operator. 
It turns out that defining as we have done the dual comultiphcation as 
"flipped" makes things to become technically simpler, even with (2) causing 
minor annoyance. 

Meanwhile, let us quote below an alternative description given in [8] of this 
pairing map, using the Haar weights and the generalized Fourier transform. 
The new descriptions are only valid on certain subspaces D C A and D C A, 
but D and D are dense subalgebras in M and M respectively, and form cores 
for the antipode maps S and S. 

Theorem 2.3. Let D Q A and D Q A be the dense subalgebras as defined 
in Section 4 of [8\ . Then: 

(1) For a ^ D, its Fourier transform is defined by 

T{a) := ((^(g)id)(VF(a(g)l)). 

(2) For b ^ D, the inverse Fourier transform is defined by 

T-\b) := (id®(^)(Ty*(l(g)6)). 

(3) The dual pairing map { \ ) : ^ x ^ — > C given in Proposition \2.S\ 
takes the following form, if we restrict it to the level of D and D: 

{b\a) = {m,A{a*)) = 'p{aT'Hb)) = 0{Ha*rb) 
= (99(g)(^)[(a(g)l)VF*(l(g)6)]. 

Remark. Here, 99 and (p are the left invariant Haar weights for (M, A) and 
(M, A), while A and A are the associated GNS maps. The maps J- and J-~^ 
are actually defined in larger subspaces, but we restricted the domains here 
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to D and D, for convenience. As in the classical case, the Fourier inversion 
theorem holds: 

r-^{r{a)) =a, aeD, and J^{T-^{b)) =6, b £ D. 

See [1] for more careful discussion on all these, including the definition of 
the Fourier transform and the proof of the result on the dual pairing. 

3. The quantum double 

The quantum double construction was originally introduced by Drinfeld 
[6], in the Hopf algebra framework. The notion can be extended to the 
setting of locally compact quantum groups. See [23] (also see [7], and some 
earlier results in [15j and Section 8 of [21). Some different formulations exist, 
but all of them are special cases of a more generalized notion of a double 
crossed product construction developed recently by Baaj and Vaes [3]. While 
we do not plan to go to the full generality as in that paper, let us give here 
the definition adapted from [3]. 

Let {N, Ajv) be a locally compact quantum group, and let Wjy be its mul- 
tiplicative unitary operator. Write (Afi,Ai) = (A^, A™'') and (M2,A2) = 
(iV, An). Suggested by Proposition 8.1 of [3j, consider the operators K and 

k on n^n-. 

K = WNiJi0J2)w;f, k = WN{Ji®J2)w;f, 

where Ji, Ji, J2, J2 are the modular conjugations for Mi, Mi, M2, M2- In 
our case, we would actually have: Ji = J2 and J2 = Ji- Next, following 
Notation 3.2 of [3], write: 

Z = KA'(JiJi® J2J2). 

Then on H TC H Ti, define the unitary operator: 

Wm = {T.V^T.)i^ZI^W2,2aZu. (3.1) 

where Vi (right regular representation of Mi) and W2 (left regular represen- 
tation of M2) are multiplicative unitary operators associated with Mi and 
M2. By Proposition 3.5 and Theorem 5.3 of [3], the operator Wm is a mul- 
tiplicative unitary operator, and it gives rise to a locally compact quantum 
group (Mm, Am). This is the "double crossed product" (in the sense of Baaj 
and Vaes [3]) of (Mi, Ai) and (M2, A2), and is to be called in Definition 13. II 
below as the dual of the quantum double. 

Definition 3.1. Let (A^, Ajy) be a locally compact quantum group, with 
Wn ("left regular representation") and Vn ("right regular representation") 
being the associated multiplicative unitary operators. In addition, denote 
by Jtv, Jni Sjy, ^N, ■■■ the relevant structure maps. 

Let (Ml, Ai) = (A^, A™P), with the multiplicative unitary Wi = SV^S. 
We have: Ji = Jn and Ji = Jn- Also Vi = (Ji Ji)SM^fS(Ji (g) Ji). 
Since Jf = Jf = In, it becomes: Vi = J^W^T,. Meanwhile, let (M2, A2) = 
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{N,Aj\f), which is associated with W2 = SVF^S. We have: J2 = Jn and 
J2 = Jn- Using these ingredients, construct the multiphcative unitary op- 
erator Wm G B(H 1^ Ti H H) , as given in equation (|3.1|) . Then: 

(1) The Drinfeld quantum double is (iV^), A^)), given by the multiphca- 
tive unitary operator Wd = Si3S24W^m^245^i3- That is, 

Nd = {{id®idm){WD) : n G ^(^(g)^)*^ «> W)) , 

with the comultiphcation A/p : No No® No, defined by Ad{x) := 
WD*il «) 1 x)Wd, for X G Nd- 

(2) The dual of the quantum double is {No, Ad), determined by Wm- 
Namely, 

= {(id(^idm){Wm) : ^ G B{rL®n).,}'" (c ® n)) , 

with the comultiphcation Ao '■ No — > No ® No, given by A£)(y) := 
Wm*{l 1 ® y)Wm, for y G ]V^. 

By Theorem 5.3 of [3j, it is known that No and No are locally compact 
quantum groups, equipped with suitable Haar weights ipo and ipo- 

Note here that we took the dual of Wm in (1) to define the quantum 
double, so that our definition is more consistent with the ones given in the 
purely algebraic settings. Because of this, our {No,Ao) is none other than 
{Mm, Am), as defined in [3j (see that paper for details). 

While the Baaj and Vaes paper |3j discusses these in a more general 
setting, it is to be noted that the case of the quantum double of a locally 
compact quantum group is not explicitly studied there. To be able to carry 
out the computations we have in mind, we need some specific details on 
the actual structure of the quantum double and its dual. This will be done 
in what follows. Note that our setting here is still more general than the 
discussions given in [15], [2], [23], [7]. 

For convenience, we will just write from now on that A = A^v and W = 
Wn- In our case, Vi = W = Y.W*T. and also W2 = W, while J = Jn = 
Ji = J2 and J = Jtv = Ji = J2. So we will have: 

Z = KK{JiJi O J2 J2) = W{JJ (g) JJ)W*{JJ ® J J) (3.2) 

Wm = {T.V^T.)i^ZI^W2,2aZu = Wi^ZI^W2aZm (3.3) 

Wo = ZI2W2AZ12W13 (3.4) 

We may occasionally be working at the C*-algebra level. In that case, we 
will consider (A, A) and {A, A), and the quantum double will be written 
as {Ao,Ao), and its dual {Ao,Ao)- We just need to work with the same 
multiplicative unitary operators but replace the weak completions above to 
the norm completions. 

Let us begin first with {No,Ao) = {Mm, Am)- See [Sj for details. 
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Proposition 3.2. As a von Neumann algebra, we have: Nd = N ® N , 
while the comultiplication Ao : — > Nu N£) is characterized as follows: 

AJ^ = (id (g)cj o m (g) id)(A5°'' (g) A2) = (id (go- o m (g) id)(A (g) A). 

Here a: N®N^N(^N is the flip map, and m : N ® N ^ N (gi N is the 
twisting map defined by m{z) = ZzZ* . 

Its C*-algebraic counterpart is rather tricky to describe. In general, unless 
VF/) is regular (in the sense of Baaj and Skandalis [I]), it niay be possible 
that Ad ^ A® A. See discussion given in Section 9 of [3]. Meanwhile, the 
description of the comultiplication A^i given above enables us to prove the 
following Lemma, which will be useful later: 

Lemma 3.3. Let W = Wn, W = T,W*T,, Z be the operators defined earlier. 
Then we have: 

■^34-2'i2W^24-Z'l2W^13 = W^13 -^12 ^24 ^12-^34 • 

Proof. Since Wm € Njj (g) Nj:, is the multiplicative unitary operator giving 
rise to the comultiplication A/), we should have (see [2]): 

(A^ id)iW^) = Wm,nWra,2^. (3.5) 

From the definition of Wm given in equation (jS.Sp . the right side becomes: 

Meanwhile, remembering that A(6) = H^*(l (g b)W (for b ^ A) and that 
A(a) = W*{1® a)W (for a G A), we have: 

(A (g A ® id)(iy^) = (A (g A ® id) [1^13^34 ^^24^34] 

= [t^l*2^^25H^12] ^56 [W^3*4 ^46^^34] ^56 

= Wi5H^25^5*6^36VF46^56 

= M/l5VF25[^5*6W^36^56][^56^46^56]. 

In the third equality, we used the pentagon relations for W and for W (being 
multiplicative unitaries). So we have: 

(Ki®id){Wm) = ((id(g)o-om(g)id)(A(g A))(t^^) 

= ^32W^15VF35[Z5*6T^26^56] [^56^^46^56] -^32 
= ^15^32^^35 [Zt^W2QZ^&]Zt2 [ZI^W^qZ^q] . 

Therefore, the equation (j3.5p now becomes (after obvious cancellations and 
then multiplying to both sides): 

W^35 [^56^26^56)^3*2 = ^3*2^56^26^56^^35- 

Re-numbering the legs (legs 2,3,5,6 to become 4,3,1,2), we have: 

^31-2^12^42^12^34 = ^34^12^42^12^^31- 
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Now taking the adjoints from both sides, it becomes: 

■^34-^12^42-^12^31 = ^31^12^^42-^12-^34- 

Since W = the result of Lemma fohows immediately. □ 

Let us now turn our attention to {Nd, A^). We will give a more concrete 
realization of Nd (in Proposition 13. 4p . as well as its coalgebra structure (in 
Proposition I3.5p . See also Theorem 5.3 of [3]. 

Proposition 3.4. Define vr : iV ^ B{n (g) H) and tt' : N ^ B{n H) by 

7r(/) := Z*(l /)Z and tt' (k) := k ® 1. 

Then Nd is the von Neumann algebra generated by the operators 7r(/)7r'(/c), 
for f & N , k & N . The maps ir and n' are in fact W* -algebra homomor- 
phisms. Namely, 

TT : N ^ Nd and tt' : N ^ Nd- 

Proof Recah from equation ([3^ that Wd = ZI2W24Z12W13. So for uj,uj' G 
S('H)*, we have: 

(id(g)id(g)a; (g)u;')(^D) = (id (g) id (g)w (g) a;')(^i2W^24^i2H^i3) 

= Z*[l O {id ^uj'){W)]Z [{id <^uj){W) 1]= 7r{f)7r'{k), 

where / = {id®u!'){W) and k = {id'^uj){W). This makes sense, because 
W (z N ^ N and W € N f^i N . Recall the discussion in Section 2 above or 
Proposition 2.15 of [11]. In fact, the operators {id'^Lj'){W), uj' £ B{TC)^, 
generate the von Neumann algebra A^; while the operators {id®uj){W), to E 
B{H)^f, generate N . 

Since the operators {id®id®oj ®oj'){Wd) generate Nn by Definition 13. H 
the claim of the proposition is proved. The second part of the proposition 
is obvious from the definitions. □ 

Remark. For future computation purposes, we will from now on regard N£) 
to be the von Neumann algebra generated by the operators TT'{k)'iT{f), (for 
/ E Af, k E Ad). This is of course true, given the results of the previous 
proposition. To be more specific, write: 

U{k^ f) ■.= 7r'{k)7r{f), feN,keN. (3.6) 

— w 

Then we have: No = {n(fc ® f) : f e N, k e N] . Its C*-algebraic coun- 
terpart is: Ad = {n(A; (g) /) : / E A, A; E 1}" ". 

Proposition 3.5. For f £ N and k £ N, we have: 

A^(n(A;0/)) = Az3(7r'(A;)7r(/)) = [(vr' vr') (AA;)] [(vr ® 7r)(A/)] 
= (n ® n) A:(i) (g /(I) (g fc(2) /(2)) . 
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Proof. In the second line, we used the Sweedler's notation (see p^), where 
we write: A/ = ^ /(i) (g) /(•2). For computation, observe that 

Az5(vr'(A:)7r(/)) = ® 1 ^ tt' {k)TTif))WD 

= [Wd* (1 1 7r'(A;)) VFd] [Wd* (l 1 ® ^(/)) VF^] . 

Remembering the definitions of Wo and it' and vr, we have: 

Wd*{1 O 1 vr'(A;))VFD = ^^1*3^1*2^2*4^12(1 1 ® A: l)Zi*2VF24 ^12^^13 

= Tyi*3(l 1 ® A; (g) 1)1^13 = [A(A:)] ^3 = (vr' (g) 7r')(AA:). 

Meanwhile, by Lemma 13.31 we have: 

Wd*{1 ® 1 Vr(/))VFD = 1^1*3^1*21^24^12 [Z*(l ® /)^] 34^1*2^^24^121^13 

= ^3*4^1*2 1^2*4 ^12^^1*3(1 ^ 1 ® 1 ® /)VFl3^r2^24^12^34 
= ^3*4^1*21^2*4(1 <S>1®10 7)1^24^12^34 
= Z3*4Zi*2[A(/)]24Zi2Z34 = (^0Vr)(A/). 

Combining these two results, we prove the proposition. □ 

Remark. From the proof above, we see clearly that (vr (g vr) o A = A^) o vr, 
and that (vr' (g vr') o A = A/j o vr'. From these observations, we see that the *- 
homomorphisms vr and vr' defined earlier are also coalgebra homomorphisms. 

As noted in Definition 13.11 the general theory assures us that (Nd^Ad) 
and {Nd, A^)) are indeed (mutually dual) locally compact quantum groups. 
In particular, one can consider the (left) Haar weight (po and the 

(left) Haar weight ^ of No- We give the descriptions oi ipn and (pD below. 

Proposition 3.6. (1) The left Haar weight, ipD, on {Nij,Aij) is char- 
acterized by the following: 

ipDim /)) = 99z)(vr'(A:)vr(/)) = ip{kMf ), forfGN,ke N. 

(2) The left Haar weight, (pD, on Nd = N (Si N is as follows: 

(p^[a®b) = ip{a)'ip{b). 

Proof. For (2), concerning the Haar weight on {No, A/5), see Theorem 5.3 of 
[3], which says: ipm = ipi(S {^2)k2- our case, ipi = ip, because (Mi, Ai) = 
(A/", A™P), while ip2 = ^p, because (M2,A2) = {N,A). Moreover, our case 
being the ordinary quantum double of a locally compact quantum group. 
Proposition 8.1 of [3j indicates that k2 = §2, tbe "modular element" of 
(A^, A). We thus have: ((^2)^:2 = '^(52 — V'- 
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Consider now given in (1). To verify the left invariance, recall Propo- 
sition 13.51 and compute: 

(O0^B)(Ai5(n(fc(g)/))) = J^(s^«)(/3D)((n®n)(/c(i) (g)/(i) (g)A;(2) ® /(2))) 

= ^[J7(7r'(A;(i))7r(/(i)))v9D(7r'(/c(2))7r(a(2)))] 

= ® ® /(i))Z)(^(fc(2))¥.(a(2))] . 

Remembering the left invariance property of 99, which says: 99((w(8'id)(A/)) = 
^ [lj(/(i))(/?(/(2))] = uj{l)ip{f), and similarly for (p, we thus have: 

® v9z5)(Az)(n(A: ® /))) = a{l ® imk)^{f) = ^{l ® l)(^D(n(A; ® /)), 

which is none other than the left invariance property for y?/). Though our 
proof is done only at the dense subalgebra level consisting of the n(/c(g)/), it 
is sufficient, since we already know the existence of the unique Haar weight 
from the general theory. By uniqueness, ipD described here must be the dual 
Haar weight on {No, ^d) corresponding to (po. □ 

Since we are not going to be prominently using them in this paper, we will 
skip the discussions on the right Haar weights and the antipode maps. But 
let us just remind the reader that the antipode map So can be obtained 
using the characterization given in equation (j2.ip . and similarly for So, 
working now with the operator Wd instead. 

4. The twisting of the quantum double 

As is the case in the purely algebraic setting of QUE algebras [6], [3], 
the quantum double [Ao^Ad) or {N£),/S.£)) is equipped with a "quantum 
universal i?-matrix" type operator TZ. Our plan is to use this operator to 
"twist (deform)" the comultiplication A/j. 

Let us begin by giving the definition and the construction of TZ, in the op- 
erator algebra setting. The approach is more or less the same as in Section 6 
of [7], which was in turn adopted from Section 8 of [2j. On the other hand, 
some modifications were necessary, because the current situation is more 
general than those in |2j and in [7J, where the discussions were restricted to 
the case of so-called "Kac systems". At present, the proof here seems to be 
the one that is being formulated in the most general setting. 

Lemma 4.1. Let W , W , Z he the operators in B{'H 7i) defined earlier. 
Then we have: 

(1) Zl^Wi5W25Zi2Wu = 1^14^1*2^25 VK45^12 

(2) 1^351^15^34^14^34 = ^3*41^14^341^151^35 

Proof. Recah from Lemma that ^34^1*2 11^24^12 VF13 = 1^13^1*2 11^24^12^34 
or .^12^3411^24^121^13 = 11^13 ■^12 11^24 -^34 ■^12- Recall now the definition of 
the operator Z given in equation (13. 2p . and write: Z = WT, where T = 
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( JJ JJ)W*{JJ (g) JJ). Then our equation above becomes (by writing 
Z34 = W34T34): 

^1*2^^34134 1^24^12^3 = 1^13^1*2 H^24T^34r34Zi2. 

We can cancel out T34 from both sides, because T34 actually commutes with 
all the operators in the equation. To see this, note that J J = kJJ, for a 
constant k (actually k = v^l'^^ where > is the "scaling constant" [lOj, 
So we can write: 

T = k{J^ J){J ® J)W*{J 0J){J(g) J). 

Since VF* G M ® M, we can see that T £ M' M' . 

So far we have: ^12 W^34 W^24'Z^i2 W^is = 1^13-^12 W^24W/34-^i2- Byre-numbering 
the legs (letting 3,4 to become 4,5), we obtain (1): 

^1*2^^45 W^25^12H^14 = W^14^12W^25VF45Zl2. 

Next, we re-write (1), using W = TiW*Ti. Then we have: 

^1*2^54 ^^52^12^^14 = W^14^l*2W^52W^54^12. 

Apply Zi*2T^52W'54^i2[ • • • 1^1*2 ^54^^52 ^12 to both sidcs. Then: 

^^14^1*2^^54 1^52^12 = ^1*2^521^54^12^^14, 

which is same as: 1^14^^54^12^/52-^12 = -^12 ^52-2^12^^54^^14- Here, we re- 
number the legs (letting 1,2,4,5 to become 3,4,5,1), and obtain (2): 

^^35^^15^3*4 ^14^34 = ^3*4^14^34 W^15W^35- 

□ 

Lemma 14.11 above will be helpful in our proof of the next proposition, 
which gives the description of our "quantum i?-matrix" type operator TZ. 

Proposition 4.2. Let TZ G ,B((?^ ®TC) {TC® K)) he the operator defined 
by TZ = Z^^Wi4Z34^. The following properties hold: 

(!) TZ G M{Ad ® Ad) Q Nd Nd and TZ is unitary: TZ'^ = TZ* . 

(2) We have: (Ad ® id)(7^) = 7^l37^23 and (id®AD)(7e) = 7^l37^l2. 

(3) For anyxeAo, we have: TZ{i^D{x))TZ* = A''°^{x). 

(4) The operator TZ satisfies the "quantum Yang-Baxter equation (QYBE)": 
Namely, TZ12TZ12.TZ22. = ^23^13^^12- 

Proof. Here M{B) denotes the multiplier algebra of a C*-algebra B. 

(1) Recall that W G N N. Therefore, by naturally extending the *- 
homomorphisms vr and vr' defined in Proposition 13.41 we can see that TZ = 
(vr' (g) 7r){W) e Nd'SiNd- Actually, noting that W G M{A A), we also see 
that TZ G M{Au <8) Ad). Meanwhile, from the definitions of the operators 
involved, it is clear that TZ is unitary. 
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(2) Since 7^ = (vr' (g) ■k){W), we have: 

(AB^id)(7e) = (AD®id)((^'0^)(Ty)) = (7r'(g)7r'^^)((A(g)id)(VF)) 
= (vr' (g) vr' ® vr) (1^1*2^^23^12) = (vr' «) vr' ® vr) (#131^23) 
= [(vr' O vr' «) 7r)(W'i3)] [(tt' O vr' ® vr)(W'23)] = 7^l37^23. 

The second equahty is due to A/) o vr' = (vr' (g) vr') o A (see Proposition 13. 5p . 
Since W € M(yl ^), the third equahty fohows from the definition of A. 
The fourth equahty is the pentagon equation for W (being multiphcative). 
The fifth equahty is just using the fact that vr' and vr are C*-homomorphisms. 

The proof for (id (8)A£))(7^) = 7li^lZi2 can be done in a similar way. Just 
use the fact that for a G ^, we have: Aa = W*{1 a)W = W2i{l ® a)W2i, 
and that Ad o ir = (vr (g) vr) o A. 

(3) Recah from Section 2 that {id (S)uj){W) G i, and {id ®lo'){W) e A, for 
G B{7i)tf, and that these operators generate A and A, respectively. So 

consider h = {id®uj)(yV) G A and compute. Then: 

7^[Afl(vr'(6))] =7^[(vr'®vr')(A6)] = (^3*4^^14^34) [^^1*3(1 «) 1 ® 6 ® 1)^^13] 
= (id (g id (g) id id ®uj) (^3*4^^14^34 11^1*31^35^1^13) 
= (id (g id (g) id id ®uj) {Z^^WuZs^Wi^Wss) 
= (id (g id (g) id id <g)a;)(W^35W^i5Z3*4 14^14^34) 
= (id (g id (g) id (g id (ga;)(W3*i 11^15^31^34^^14^34) 
= [A-P(6)] ^3(^3*414^14^34) 
= [(vr'^vr')(A-P(6))]7^= [A^^^n' {b))]n. 

The fourth and sixth equalities follow from the multiplicativity of W, while 
the fifth equality is using Lemma l4.ll (2). In the seventh equality, we used 
the fact that A™p(6) = W{b O 1)W* = W^^{b O l)W2i. 
Next, consider a = {id^uj'){W) G A and compute. Then: 

7^[Afl(7r(a))] = (^3*4^^14^34) [^1*2^3*4^2*4(1 ® 1 g) 1 O 0)^24^12^34] 
= (id id (g) id (g) id (gw) (^34^^14-^1*2 ^^2*4^^45 ^24^12^34) 

= (id (g id (g id (g id (gL^)(^34W"i42'i2VF25W^45^12^34) 

= (id id (g) id (g) id (gw) (^34^1*2^^45 ^^25^12^^14^34) 

= (id g) id (g id (g id (gw) (^^4^1*2^^4*21^25 W42^i2^342'3*4 1^14^34) 

= ^3*4^1*2 [1^24(1 ® a 1 1)1^24] ^12^34(^34^^14^34) 

= [(vr0vr)(A-P(a))]7^= [A^^°P(vr(a))]7^. 

This is essentially the same computation as the previous one. The pentagon 
equation for W is used in the fourth and sixth equalities. The fifth equality is 
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using Lemma [4.1l (l). In the seventh and eighth equahties, note W = SVF*$] 
and also note A^°P(a) = a)WT. = Wia ® 1)W*. 

Since it has been observed that Ad is generated by the operators 7r'(6)7r(a), 
we conclude from the two results above (as well as the unitarity of TZ) that: 
n[AD{x)]n* = A^P(x), for any x G Ad- 

(4) The QYBE follows right away from (3) and (4). In fact, 

7^l27^l37^23 = tzuHAd ^ id){n)] = [(a^°p ® id)(7^)]7^l2 = 7^237^l37^l2. 

The first equality follows from (2); the second equality is from (3); and the 
third equality is from (2), with the legs 1 and 2 interchanged. □ 

As a quick consequence of Proposition l4.21 we point out that TZ determines 
a certain "left 2-cocycle" (dual to the notion of same name in the Hopf 
algebra setting, introduced in Section 3 of [12|). While we do not need to 
give the definition of a 2-cocycle here, this means that we can deform (or 
twist) the comultiplication A^) by multiplying TZ from the left, and obtain 
a new map satisfying the coassociativity. The result is given below: 

Proposition 4.3. Let nA : A^ —> M{A£) (g) Ao) be defined by 

TiA{x) := TZAd{x), for x G Ad- 

Then t^A satisfies the coassociativity: {nA ® id)7^A = (id (X'7^A)7^A. 

Proof. The definition for 7^ A makes sense, since TZ G M{A[) f^i Ad). Now 
for any x G Ad, we have: 

inA (g) id)7^A(x) = TZi2{Ad id){TZAD{x)) 

= 7^l2 [{Ad id)(7^)] [(A^ id) (Az5(x))] 

= TZ12 [7^l37^23] [{Ad id) {Ad{x))] 

= 7^23 [7^13^12] [(id ^Ad) {Ad{x))] 

= TZ23[{id®AD){TZ)] [{id0AD){AD{x))] 

= 7^23(id(»AD)(7^Ai5(x)) = {id(^nA)nA{x). 

In the second and sixth equalities, we used the fact that A/j is a C*- 
homomorphism. The third and fifth equalities used Proposition 14.21 (2) . In 
the fourth equality, we used the QYBE and the coassociativity of A/j. □ 

The coassociative map 7^ A above is certainly a "deformed Ad" ■ However, 
it should be noted that {AD,nA) is not going to give us any valid quantum 
group. For instance, it is impossible to define a suitable Haar weight. And, 
T^A is not even a *-homomorphism. On the other hand, considering that 
A/) is "dual" to the algebra structure on Ad (via Wd and Proposition 12.21) , 
and since 7^ A still carries a sort of a "non-degeneracy" (since A^) is a non- 
degenerate C*-morphism and 7?. is a unitary map), we may try to deform 
the algebra structure on Ad hy dualizing 7^ A. Formally, we wish to define 
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on the vector space Ad a, new product x-^, given by 

(/x7^5l^> = (/^5|7^A(x)>, (4.1) 

where /, g G and x ^ A^. 

The obvious trouble with this program is that [Ad^-r.^) is no longer a 
quantum group, which means that we do not have any multiplicative unitary 
operator that was essential in formulating the dual pairing in the case of 
locally compact quantum groups. In the next two sections, we will try to 
make sense of the formal equation (I4.1|] , and use it to construct a C*-algebra 
(though not a quantum group) that can be considered as a "deformed A_d". 
Let us begin with the case of ^ = C*^^{G). 

5. The case of an ordinary group. The Weyl algebra. 

For this section, let G be an ordinary locally compact group, with a fixed 
left Haar measure dx. Let V(x) denote the modular function. Using the 
Haar measure, we can form the Hilbert space Ti = L?'{G). We then construct 
two natural subalgebras, and N of B(H), as follows. 

First consider the von Neumann algebra N = C{G), given by the left 
regular representation. That is, for a € Gc{G), let La G B{H) be such that 
LaC(t) = J a{z)^{z~^t) dz. We take C{G) to be the Ty*-closure of L(C7,(G)) . 
Next consider = L°°{G), where b E L°°{G) is viewed as the multiplication 
operator fif, on TC = L'^{G), by HbC{t) = b{t)^{t). These are well-known von 
Neumann algebras, and it is also known that we can give (mutually dual) 
quantum group structures on them. We briefly review the results below. 

Let W G Bin ®n)= B{L^{G x G)) be defined by WC{s, t) = C{ts, t). It 
is actually the dual (that is, W = Y^WqT,) of the well-known multiplicative 
unitary operator Wq, defined by WcCis^t) = ^{s,s~^t), and is therefore 
multiplicative [2J. We can show without difficulty that 

AT = CiG) = {(id(g)a;)(iy) -.uje BiH)^}"', 

and the comultiplication on N is given by A{x) = W*{1 ® x)W, for x £ N. 
For a G Cc{G), this reads: (L ^ L)AaC{s,t) = f a{z)^{z-'^s, z-'^t) dz. The 
antipode map S : a S{a) is such that [S{a)){t) = V{t^^)a{t^^), where 
V is the modular function. The left Haar weight is given by ip{a) = a(l), 
where 1 = Ic is the group identity element. In this way, we obtain a von 
Neumann algebraic quantum group (A^, A), which is co-commutative . 
Meanwhile, we can also show that: 

N = L°°(G) = {iu;(^id){W) -.u; eB{7i),}'', 

and the comultiplication on is given by A(y) = T,W{yf^^l)W*T,, for y €z N. 
In effect, this will give us Ab{s,t) = b{st), for b G L°°{G). The antipode 
map S : b —>■ S{b) is such that (5(5)) (t) = 5(t~^), while the left Haar weight 
is just (f{b) = J b{t) dt. In this way, (iV, A) becomes a commutative von 
Neumann algebraic quantum group. 
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By considering the norm completions instead, we will have the C*-algebraic 
quantum groups A = C*^^{G) and A = Cq{G). Meanwhile, as in Propo- 
sition 12.21 a dual pairing map can be considered at the level of certain 
dense subalgebras. For convenience, let us consider L(Cc(G)) C A'' and 
//(Cc(G)) C N. The dual pairing defined by the multiplicative unitary 
operator W , as given in equation (j2.3p (or see Theorem 12. 3p . becomes: 

{^Xb\La) = j a{t)h{r^)dt, (5.1) 

for /Xf, G fj,(^Cc{G)) and La € L(Cc(G)). The proof is straightforward. 

We now turn to find a more concrete description of the quantum double, 
D{G) = Ad, and its dual D{G). First, consider the operators J and J 
on Ti. = L'^{G), which come from our knowledge of the involution and the 
antipode maps. 

jc{s) = v(s-i)e(5-i), jcis) = Ks). 

Following the definitions given in Section 3, given by equations (j3.2p . (j3.3p . 
(j3.4p . construct the operator Z G B{L'^{G x G)), as weh as Wm and Wd, 
which act on L^(G x G x G x G). We have: 

Z^{s, t) = W{JJ JJ)W*{JJ JJ)C(s, t) = V{t-^)^{tst-\t). 

WmC{s,t,s\t') = Wi3Zl^W24Zsias,t,s',t') = V {^3' S ,t, 1'^% t"h') . 
WdC{s, t, S', t') = Si3S24W^;.S24Si3e(s, t, s' , t') 

= V{t'-^)^{t'st'-\t't, t's-H'-^s', t'). 

Next, by using the results of Propositions 13.21 13.41 13.51 we can give below 
the descriptions for the quantum double and its dual: 

Proposition 5.1. Let A = C*^^{G) and A = Gq{G) he the (mutually dual) 
quantum groups associated with G, equipped with their natural structure 
maps described above. Then: 

(1) As a C* -algebra, we have: 

D{G) = {n(/x,.0L/) :/,A;eG,(G)}" " ^ Go(G) x„ G, 

where a is the conjugation action. 

(2) The comultiplication on D{G) is given by 

AD{n{fik®Lf)) = [{tt' 7T'){A{fik))] [{7r®7T){A{Lf))]. 

(3) As a C* -algebra, we have: D{G) =A®A = C;^^{G) ^ Go(G). 

(4) The comultiplication on D{G) is given by 

Ad = {id0a om0 id)(A (g) A), 
where ra{z) = ZzZ* , for z € M{A (g) A). 
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Proof. Recall equation (13. 6p for the definition of IT, given in terms of the 
*-homomorphisms tt' and tt from Proposition 13.41 For (1), note that: 

U{^lk ^ Lf)C{s, t) = 7r'{fik)TT{Lf)C{s, t) = l)Z*{l Lf)Z^{s, t) 

V{z)k{s)f{z)C{z-^sz, z-^t) dz. (5.2) 



If we write az^{s) = £^{z~^sz), z E G, as the conjugation action, we can 
see without much difficulty from above that the C*-algebra D{G), which is 
generated by the operators n(/xfc (gLj), is isomorphic to the crossed product 
algebra Cq{G) Xq, G. [See any standard textbook on C*-algebras, which 
contains discussion on crossed products.] By Proposition 13. 5^ we also know 
that the comultiplication on D[G) is given as in (2). 

In our case, being "regular", we do have: D{G) = Af^ A. At the level of 

the functions in Cc{G x G), the multiplication on D{G) = C*^^{G) Co(G) 
noted in (3) is reflected as follows: 

[(a (g)b)x {a' (g) b')] (s, t) = j a{z)b{t)a{z~^s)b'{t) dsdt. (5.3) 

The description given in (4) of the comultiplcation A/j follows from Propo- 
sition [321 □ 



The next proposition describes the dual pairing map. We may use equa- 
tion ()2.3p , but we instead give our proof using Theorem 12.31 

Proposition 5.2. The dual pairing map is defined between the (dense) sub- 
algebras {L0n){Gc{GxG)) Ci5(G) andU{{n(S)L){Gc{GxG))) CD{G). 
Applying Theorem \2.S\ we have: 

{La ^Jih I n(/ifc ®Lf)) = (ifD iph) [(n(^fc » %) ® i ® i)w5(i 1 l« ^b)] 

V{t)a{t-^st)b{t'^)k{s)f{t)dsdt, 



where La,Lf G L(Gc(G)) C A and fib, fJ-k G /i(Gc(G)) C A. 

Proof. Recall from Proposition 13.61 that the Haar weights ip d and (fD are 
given by 



(/9D(II(/Xfc (g) Lf)) = ip{fik)v{Lf) = J k{s)f{l) ds, 

(ph{La ® /ife) = Lp{La)'ljj{Hb) = ip{La)'^{S{p,b)) = j a{l)b{t'^) dt. 

Meanwhile, remembering the definitions of 11 and Wo, we have: 
(n(/xfc g) L/) 1 1)W5(1 1 L„ O Hb)C{s, t, s', t') 

V{z)V{t')k{s)f{z)a{z')b{t')i{t'-^z-^.szt\ t'-^z'H, z'-^z'^szs', t') dzdz' . 
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By change of variables (first z' ^ z ^szz', and then z i— > zt' it becomes: 



V{zt'~^)k{s)f{zt'-^)a{t'z-hzt'-h')b{t')^{z~hz, z'H, z'-^s', t') dzdz' 



= {[n^{L^fi)]{F))as,t,s',t'), 

where F{s, z; z' , t') = V{t''^)k{s)f{zt'-^)a{t'z-^szt'-^z')b{t') G Cc{G xGx 
G X G). Recah equation (j5.2p . Therefore, 

(La®At6|n(/ifc(g)L/)> = ((/?D ^)([n(g) (L(g)/i)](F)) 



By Theorem 12.31 we know that this is a vahd dual pairing map (at the 

level of dense subalgebras) between D{G) and D{G), satisfying (1),(2),(3) 
of Proposition [221 In particular, the property (1) implies that: 

{{La^flb){La'^fJ'b') |n(^fc®L/)) = {{La^flb)^{La'^fJ'b') I (n(^A.®L/))) , 

which relates the comultiplication on D{G) with the product on D(G). 

Even though we expressed our dual pairing as between certain subalgebras 
of D[G) and D{G), note that the pairing map is in effect being considered 
at the level of functions in Cc{G x G). In that sense, we may write the 
pairing map given in Proposition 15.21 as: 



Let us now consider the deformed comultiplication t^A proposed in the 
previous section, and by using the dual pairing, try to "deform" the algebra 
C*{G)®Co{G). Since the dual pairing is valid only at the level of functions, 
we will first work in the subspace Cc{G x G). Formally, we wish to deform 
its product given in equation (j5.3p to a new one, so that the new product is 
"dual" to 7^ A, as suggested by equation (j4.ip . In our case, we look for the 
"deformed product" Xt^, satisfying (formally) the following: 

([(a ® b) xti {a' ® b')] \ k ® f) = {{a ®b) ® {a b') \ nA{k ® /)). 

To make some sense of this, we first need to regard 7^A(fc(g)/) as a (general- 
ized) function on GxG. So consider k, f € Cc{G), and consider n(/Xfc(g)Lj-) G 
D{G). By definition, and by remembering that TZ = Z^^Wi^Z^^, we have: 





□ 




(5.4) 



7^A(^(/ifc Lf))^{s, t, s', t') = 7^AD(^(/xfc (g> Lf))C{s, t, s', t') 
= V{s)Wl) (1 (g) 1 (g) U{fik «) Lf))WD^{s, t, s-^s's, s-H') 

= [ \/{s)V{z)V{z)k{s's)f{z)C{z'^sz,z'^t,z-^s'^s'sz,z-^s-h')dz. 




QUANTUM DOUBLE AND THE WEYL ALGEBRA 21 

Remembering the definition of 11 as given in equation ()5.2p . we write it as: 

V,.)V,/)F(». /-,V. 

= [{U®U){F)]^{s,t;s',t'), 

where F{s, z; s' , z') = V{s)V{z)V{z'-'^)k{s's)f{z)5z'isz). [Here, (5y(sz) is a 
"delta function", such that for any function g, we have: J g{z')6z'{sz) dz' = 
g{sz).] It is true that F is not really a function in Cc{G x G x G x G), but 
for our purposes, we may regard F as a (generalized) "function" expression 
corresponding to 7^A(n(/ife %)) G M{D{G) (g) D{G)). 

Next, use equation ()5.4p to compute the dual pairing (again formally). 
We then have: 

((a 6) (a (g) b') \ n^{k ® /)) = ((a (g) 6) O (a 6') | F) 

= j V{t)V{t')a{t-^st)b{t-^)a'{t'-^s't')b'{t'^^)F{s, t; s' , t') dsdtds'dt' 

= j V{t)V{s)V{t)a{t-^st)b{t-^)a'{t-h'h'st)b'{t-^s-^)k{s's)f{t) dsdtds'. 

By change of variables (letting s' i— > s's~^ and then letting s i-^ tst~^), it 
becomes: 

■■■ = j ^{t)a{s)b{t-^)a\s-H-h't)b'{s-H-^)k{s')f{t)dsds'dt 

= j Vit)G{t-^s't,t-^)k{s')f{t)ds'dt = {G\k0f), 

wheie Gifts' t,t-^) = J a{s)b{t-^)a'{s-^t-^s't)b'{s-^t-^) ds. From which 
it follows that G{p,t) = f a{z)b{t)a' {z-^p)b' {z-H) dz. 

Motivated by these computations (although not fully rigorous and depend 
on formal computations), we propose to define the "deformed product" x-ji 
on Cc{G X G), as follows: 

[(a ® b) x-ji {a' ® b')] {s, t) = G{s, = j a{z)b{t)a'{z-^s)b'{z-^t) dz. 

Observe that Xt^ is indeed a valid associative product on Cc{G x G). See 
below. 

Proposition 5.3. On Cc{G x G), define the "deformed product" x-ji, as 
follows: 

[{a b) xn {a <S) b')] (s, t) = j a{z)b{t)a{z~^s)b'{z"^t) dz. 

It is a valid associative product on Cc{G x G), and is "dual" to the deformed 
comultiplication nA, in the (formal) sense described above. 

Showing that xt^ is indeed an associative product on Cc{G x G) is quite 
straightforward. In fact, we can actually construct a C*-algebra that con- 
tains {Cc{G X G), XTij as a dense subalgebra. The method is to follow the 
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standard procedure for constructing a crossed product C*-algebra (where G 
acts on Co(G) by translation r). 

To be more specific, regard a typical element o (8" 6 S Cc(G x G) as an 
element F £ Cc{G,Co{G)) . We can then form the space L^(G, Co(G)), by 
completing Gc{G,Co{G)) with respect to the following norm: 

ll^lll= / ll^(^)|loo^^= / SUPt^G\Fis,t)\ds. 

Jg Jg 
On this L^-space, we can consider the twisted convolution product and 
the adjoint operation, twisted by r, obtaining the *-algebra L^(G, Co(G)). 
Namely, 

{F*G){s) = [ F{z)T,{G{z-h)) dz, 
Jg 

F*is) = V{s-')Ts{F{s-'r). 

The crossed product C*-algebra Co(G) x,- G is defined to be the enveloping 
G*-algebra of the *-algebra {G, Go{G)) . 

By viewing F and G as functions on G x G, the multiplication and the 
*-operation on the L^-algebra become: 

{F*G){s,t)= [ F{z,t)G{z-h,z-H))dz, 
Jg 

F*{s,t) = V{s~^)F{s-\s-H). 

Observe that the twisted multiplication is none other than the deformed 
product x-ji given in Proposition 15.31 Therefore, the crossed product G*- 
algebra B = Gq{G) x,- G is a G*-algebra containing (Gc(G x G), Xt^) as a 
dense subalgebra. 

Proposition 5.4. In view of the above discussion, we may regard the G*- 

algebra B = Gq{G) yirG as a "deformed D{G) whose product is dual to the 
"deformed comultiplication" t^A on D{G). It contains [Gc{Gx G), xt^) as a 
dense subalgebra. Meanwhile, it is known that there exists an isomorphism 
of G* -algebras between Go(G) x,- G (which is sometimes called the "Weyl 
algebra") and the G* -algebra of compact operators /C(-L^(G)). That is, 

Go(G) x^G^/C(l2(G)). 

As for the second characterization, see, for instance, [16j. By the way, 
note that in the von Neumann algebraic setting, our result would have been 

W 

not much illuminating, since 1C{TL) = B{H). This is the reason why we 
have chosen to work with the G*-algebra framework in Sections 4 and 5. 

Compare now with the finite-dimensional case, considered by Lu |12j . 
|14j . Lu's result says that given a Hopf algebra H, the twisting (via the 
i?-matrix) of the dual of the quantum double turns out to be isomorphic to 
the "smash product" H^H, which is in turn isomorphic to End(-ff) (see §9 
of [14j). A similar result was obtained in [5], in the (also algebraic) setting 
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of multiplier Hopf algebras. Our result in Proposition 15.41 may be viewed as 
the C*-algebraic counterpart to these results. 

6. Toward the general case. 

Our program of finding a "twisted A/)" was successful in the ordinary 
group case, mainly because the dual pairing was simple to work with at the 
level of a nice subspace of continuous functions, namely Cc{G) C A. On the 
other hand, we know that the dual pairing is harder to work with in the 
general locally compact quantum group case. If we can reduce a little the 
role being played by the actual dual pairing formula, it is likely to lead us 
to an approach that is more general. 

We believe that working with the generalized Fourier transform (as de- 
fined earlier) could be useful. In addition, while we wish to keep the overall 
strategy of the previous section, we also wish to find an approach that relies 
less on the existence of a dense subspace consisting of continuous functions. 
To find such an approach, let us first review the following fact. 

Suppose that (M, A) is an arbitrary (von Neumann algebraic) locally 
compact quantum group, with its multiplicative unitary operator W. Recall 
from Section 2 that its dual object M is given by 

T 

M = {{uj (S) id){W) : oj € M,} . 

What this means is that the von Neumann algebra M is generated by the 
pre-dual of M, via the "regular representation" A : u; i-^ (w (8) id)(VF). 
Moreover, the operator multiplication makes M* to be considered as an 
algebra. See Lemma l6. II below: 

Lemma 6.1. Let (M, A) be a locally compact quantum group, with its mul- 
tiplicative unitary operator W . Denote by M* the pre-dual of the von Neu- 
mann algebra M . Then can be given a natural algebra structure, together 
with a densely defined * -operation: 

(1) For LO,uj' £ M^,, we have: X{uj)X{uj') = X{n) in M, where € M^, is 
such that 

/i(x) = (w (g) a;')(Ax), forxeM. 

(2) Write u G mI, if uj £ is such that there exists an element 

G M*, given by: 

J{x) = Cj{S{x)) = uj{[S{x)]*), for all x G V{S). 

Then we have: [A(u;)]* = X{uj^) as operators in M. Meanwhile, the 

subspace m| is a dense subalgebra (in the sense of (1) above) of M^, 
which is closed under taking K 

Remark. A similar result exist with roles of M and M reversed. That is, 
we may think of the von Neumann algebra M being generated by the pre- 
dual of M, via the "regular representation" A : ^ i-^ (\d®9){W) = 
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{6 (X" id)(VF*). The situation is basically the same. All these are imme- 
diate consequences of the fact that the multiplicative unitary operator W 
associated with a locally compact quantum group is "manageable" . See the 
fundamental papers [2] and \22\ . 

For M = L°°{G), it is well-known that = L'^{G). So M*, with its alge- 
bra structure given by Lemma l6.ll is a sort of an L^-algebra that generates 
the von Neumann algebra M. This observation suggests that to "deform" 
M (or A), we may begin by deforming the algebra structure on M*. 

To follow this strategy in our case, consider now the quantum double 
(NdjAd), whose C*-algebraic counterpart is {AdjAjj). The multiplicative 
unitary operator is Wd, as defined in equation (|3.4p . To "deform" Ad, 
consider the pre-dual {Nd)* of the von Neumann algebra Nd, and let us 
introduce a new multiplication on it, as follows: 

Proposition 6.2. Let (Nu)* denote the pre-dual of the von Neumann al- 
gebra Ni). For uj,u' G (No)*, define uj *iiuj' £ (A''/?)* by 

){x) := {uj0uj'){nAD{x)), forxeMD. 

Then *ti is an associative multiplication on {Nd)^:. 

Proof. The associativity of *ti is an immediate consequence of the coassocia- 
tivity of the map x i-^ 7lA£){x) = 7jA(x), as noted in Proposition 14.31 □ 

Let us now look for a representation Q of {{N£))*,*tz) into B{T[ ® Ti). 
First, recall that the operators {uj^id){WD), uj E {ND)^,, are dense in Ao- If 
we denote hy Ao the GNS map for the Haar weight ipo of Ad, we thus know 
that the elements of the form Ad[{(jJ id){WD)) are dense m.'H(^'H. This 
suggests the following definition of the "representation" Q. At the moment, 
no compatible *-structure is specified on {{Nd)*, *7^) , so we only know that 
Q is an algebra homomorphism. 

Definition 6.3. Define Q : {(Nd)*, *n) ^ I3{n (g) H) by 

Q(cu)Ad((i/ ® ■id){WD)) := Ad{{[oj *tz i^] ^ id)(TyD)). 

Since *ti is associative, and since the Ad {{i^ id) (Wd))) , v G {Nd)*, are 
dense in the Hilbert space Ti^Ti, this is certainly an algebra homomorphism, 
preserving the multiplication. Namely, Q{uj)Q{uj') = Q{ijJ *h u>'). Define B 
as the C*-subalgebra of BiTi^TL) generated by the Qiuj), uj G (Nd)*- Then 
B may be considered as the "deformed Ad" ■ 

Unfortunately, finding a more concrete description of the C*-algebra B 
seems rather difficult. Recall that even before deforming, the C*-algebra 
Ad itself could be rather complicated in general. See comments following 
Proposition 13.21 and also see §9 of [3]. It is likely that the C*-algebra B may 
be just as complicated. 

In view of this obstacle, while we will try to push our strategy in the 
general case, we will soon restrict our attention to the case of D{G), and 
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re-formulate the result of Section 5 using the new approach suggested by 
Definition 16. 31 We hope that this alternative perspective can shed some 
light on the general case in the future. 

With these remarks in mind, let us learn a little more about the subalgebra 
Q{{]^d)*) ^ B{TC(E>'H). Suppose w, E (-^d)*, and let x G Md be arbitrary. 
Then by Definition 16.31 we have: 

(Q(a;)AD ((^^ ® id){WD)) , Ad{x)) = (A^ (([cu *n ^] ® ^^0)) , Ad(x)> 
= *n u){x*) = u){'RAd{x*)) ={uj^ zy)(A™P(x*)7e) 
= (A^ ((a; ® id){WD)) Ab ((z. id){WD)) , {Ad Ad) (7^* A™P(x)) ). 

Here ( , ) denotes the inner product, the first two are on Tl <^TC, while the 
last one is on {TL ® TL) ® {Ti ® TL) . The second and the fifth equalities are 
just using the definition of A^i, as in equation (|2.2p . The third equality 
is from Proposition 16.21 and the fourth equality is the result of Proposi- 
tion |M](3). 

Meanwhile, we know from Section 3 that Nd = N ®N ^ which means that 
the elements {ijj®\d){WD)-, ^ G {^d)*-, are approximated by the elements of 
the form, a®b, where a G >4.(C A''), 6 G >i(C N). Therefore, the product *n 
from Proposition 16.21 determines the "deformed product", Xt^, on a certain 
dense subspace oi N ® N . Then the computation above may be re-written 
as follows: 

{AD{{a®h) XTi{a CSb')),AD{x)) 
= {Aoia 6) ® AD{a h'),TZ*{AD ® Ad)(A™P(x))) 
= {n[AD{a ®h)® AD{a' ® h% {Ad ® Az3)(A^°P(x))>. (6.1) 

Here we are using the fact (A£,«)Ad) (7^*A^P(a;)) = 7^* [(Az)(»Az)) (A™P(x))] , 
which is true since TZ G Nd ® Nd and since the GNS representation associ- 
ated with Ad is just the inclusion map A''^ C B{T-i ® TL). 

Let us denote by J-d and J-^^ the Fourier transform and the inverse 
Fourier transform between certain dense subalgebras of Nd and Nd , defined 
in the same way as in Theorem 12. 31 By the property of the Fourier transform 
(see Propositions 3.5 and 3.7 of [8]), it is known that Ad{^d{x)) = Ad{x) 

and that Ad{T]^^ {y)) = A/)(y), where x G Nd and y G Nd are assumed to 
be contained in suitable domains. We thus have: 

n[AD{a®h)®AD{a' ®b')] = 7^[Az) (j^^^(a 6)) (g) A^(^^^(a' ® &'))] 
= {Ad «) Ad) {n[T^^{a 6) (g) F]^^{a' h')] ) 

= {AD®AD)[{TD(^J^D){n[T^\a(^h)(^T]^\a'(^h')])]. (6.2) 

Remark. If we formally extend the Fourier transform, then by the Fourier 
inversion theorem, we may write n = (j^^^ J^^^) ((J^z) ® ^d){'R)) ■ Then 
the expression in the last line above is essentially the "convolution product" , 
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as defined in Proposition 3.11 of [8j. That is, 

{TD®J'D)[T^[J'D^{a®h)(^J'^'^{a'®b')]) = ((a»6)(»(a'06')) • 

We may use the result in ^ to write down an alternative description for the 
convolution product, using the Haar weight and the antipode map. 

Comparing our computations in this section with Proposition 12.21 (1). we 
see that 

(a h) x-jz {a' b') 

= ((miv)3i ® (m^)42) [i^D ® ^d) (7^[.F^^(a 6) T^\a' b')])] , 

(6.3) 

where rriAr and denote the multiplications on N and N, respectively. 

While the formula given in equation (j6.3p is not entirely rigorous, it does 
give us a workable description (assuming the details like the operator Wd, 
the Haar weights, and the Fourier transforms are known) of the "deformed 
product" xt^, on a dense subspace contained in A0 A. This is essentially 
the multiplication on (A'^d)* given in Proposition 16. 2[ 

As we indicated earlier in the section, we do not plan to carry out the 
computations in full generality, which seems rather difficult. Instead, let 
us from now on return to the set up and the notations given in Section 5, 
corresponding to = C{G) and N = L°°{G). As before, it is convenient to 
work with the space of functions having compact support. 

Lemma 6.4. Let a,b Cc{G) and consider La <S> ^ib ^ ]^ ^ ^ = ^D- Then: 

J^o\La «) /Xfe) = {fia ® 1)^*(1 ® h)Z = Uijla «> L'^) £ Nd, 

where b{t) = \7{t^^)b{t). [Recall that V is the modular function.] 
Proof. By definition, 

J^D^La fib) = (id <»0d) (VFd([1 ® 1] [La ® fib])) ■ 
Since ^ = (/? (g) -0 (see Proposition 13.61 (2)), this becomes: 
^n^iLa (g fib) = (id id «) V^) (^^1*3^1*2^2*4^12(1 (g 1 (g fib)) 

= (id id (gv? ® 4>) {[W*{1 LJ] 13^1*2 [IF* (1 (g flb)]24Zl2) 

= ([(idM(#*(l®La))] (g)l)Z*(l(g) [{id<E)i;){W*il®fib))])Z. 
But remembering that W = SVF*S, we have: 

(id ^if) {W*{1 ® La)) = ((^ id) {W{La 1)) = T{La) = fia, 

where the last result was shown in Section 5 of [8j, and can be obtained 
by a direct computation. Similarly, {id (^ip) (W* {I (8) fib)) = T~^{fib) = Lb. 

Since ip and (p are related by the modular function (in general, related via 
the "modular operator"), we can show without much difficulty that 

(id®ij){W*{l®fib)) =L-^, 
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where b £ Cc{G) is as defined above. 
Combining the results, we indeed have: 

□ 

While the above Lemma was formulated for the case of = C{G) and 
N = L°°{G), we can see from the proof that a reasonable generalization 
(using the Fourier transform) could be given for more general settings. In 
this paper, we will be content with the current description, since we will be 
using a computational method in what follows. 

Let us now put together the results so far. In our case, with the Fourier 
transform being rather simple (see Lemma I6.4p . the actual computation 
is not too difficult. By a straightforward computation, the expression in 
equation (j6.2p becomes: 

{J^D ®Td){1Z [j^D^iLa ® ^Ib) ® ^D^{La' ^ fib')]) = {L ^ ^ ^ L ® n){F) , 

where F G Cc{G x G x G x G) is given by 

F{s,t,s',t') = S7{s)a{s)b{t)a'{s-^s's)b'{s-H'). 

Next, equation (|6.3p will provide us with the deformed product Xt^ on 
Gc{G X G), as follows: 

[(a X b) XTi (a' ® b')]{s, t) = [((m^)3i O (m^)42) (F)] {s, t) 

= / n.^\ , = / v,.-.,)<.,.-.).,«K(,-'...-'.).'(.-'.o 

= j V{s)a{zs)b{t)a'{s''^z-'^s)b'{s~^z~^t)dz 

= j a{z)b{t)a'{z-^s)b'{z-H)dz. (6.4) 

In the fourth and fifth equalities, we used the change of variables, z i— > z~^, 
and then z i— > zs~^. 

Observe that we obtain the multiplication on Gc{G x G) that is exactly 
the same as the one given in Proposition 15. 3i As we indicated earlier, this 
is none other than the deformed product on (A'^d)* as in Proposition 16.21 
Moreover, the C*-algebra B = Cq{G) x^ G, which was shown in Section 5 
to be the completion of [Cc{G x G), x-ji) will be the C*-algebra generated 
by the Qiuj)., oj G {Nd)^,, as described in Definition 16.31 

The computations here support our definition of the "deformed A^" as 
given in Definition 16. 31 It is an improvement, since the definition is given in 
a fairly general manner, and since a very straightforward way of construction 
is also obtained via equation (16. 3p . 

However, we note that the last part of the process, realizing the product 
given in equation (16. 3p . needs further improvement. While the method is 
reasonably practical in the sense that once we have enough information 
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(about the Haar weight, the multiphcative unitary operator, and the Fourier 
transform) we can carry out the construction, it will be more desirable if we 
can reduce our dependence on specific computational results. 

With this remark in mind, let us include the following observation, which 
may be relevant for future generalization of our program: 

Proposition 6.5. Let the notations be as above. Then: 

B = Co{G) X, G = {(l®/in(A(L,)) :a,&GCe(G)}" " 

= (i0i°p)A(^) c B{n®n). 

Remark. Here, is the C*-algebra corresponding to N' , equipped with 
the opposite multiplication, being denoted by /U°p. In our case, working with 
/i°P is just nominal, since the product on iV = L°°{G) is already known to 
be commutative. We nevertheless chose to use /U°p, anticipating a possi- 
ble future generalization. Indeed, the description above was obtained from 
some heuristic computations exploiting the close relationship between the 
multiplicative unitary operator W and the operator TZ = Z^^Wi^Z^^. 

Proof. Let a, 6 € Cc{G) and let ^ € (8) "H. Then by the results obtained in 
Section 5, we have: 

(l®;U°P)(A(^a))e(5,t) = j b{t)a{z)i{z-'s,z~H)dz. 

Comparing this with the concrete realization we obtained in equation (j6.4p 
for the product on the C*-algebra B (see also Section 5), the result of the 
proposition follows. □ 

Unless the quantum group (A, A) is "regular" (in the sense of Baaj and 
Skandalis [2], [22]), the C*-algebra {1®A)/S!'^°'^{A) is not necessarily isomor- 
phic to /C(7Y) and in general may be quite complicated (It may not even be 
"type I". See [18j and Section 9 of [3].). Meanwhile, even though we cannot 
provide a general proof here, several computations at the heuristic level (us- 
ing different examples) seem to suggest that this is the correct description 
for the C*-algebra B. We hope to report on this matter in the near future. 



References 

[1] E. Abe, Hopf Algebras, Cambridge Tracts in Mathematics, no. 74, Cambridge Uni- 
versity Press, 1980. 

[2] S. Baaj and G. Skandalis, Unitaires multiplicatifs et dualite pour les produits croises 
de C -algebres, Ann. Scient. Ec. Norm. Sup., A" serie t. 26 (1993), 425-488 (French). 

[3] S. Baaj and S. Vaes, Double crossed products of locally compact quantum groups, J. 
Inst. Math. Jussieu 4 (2005), no. 1, 135-173. 

[4] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge Univ. Press, 
1994. 

[5] L. Delvaux and A. Van Daele, The Drinfeld double versus the Heisenberg double for 
an algebraic quantum group, J. Pure & Appl. Alg. 190 (2004), 59-84. 



QUANTUM DOUBLE AND THE WEYL ALGEBRA 



29 



[6] V. G. Drinfeld, Quantum groups, Proceedings of the International Congress of Math- 
ematicians (Berkeley) (A. M. Gleason, ed.), American Mathematical Society, Provi- 
dence, RI, 1986, pp. 798-820. 
[7] B. J. Kahng, Quantum double construction in the C* -algebra setting of certain 
Heisenberg-type quantum groups, Houston J. Math. 32 (2006), no. 4, 1153-1189. 

[8] , Fourier transform on locally compact quantum groups, 2007, preprint 

(accepted to appear in J. Operator Theory, available as larXiv:0708.3055l at 
'http:/ /lanl.arXiv.org). 
[9] J. Kustermans and A. Van Daele, C* -algebraic quantum groups arising from algebraic 
quantum groups, Int. J. Math. 8 (1997), no. 8, 1067-1139. 

[10] J. Kustermans and S. Vaes, Locally compact quantum groups, Ann. Scient. Ec. Norm. 
Sup., A" serie t. 33 (2000), 837-934. 

[11] , Locally compact quantum groups in the von Neumann algebraic setting. Math. 

Scand. 92 (2003), no. 1, 68-92. 

[12] J. H. Lu, On the Drinfeld double and the Heisenberg double of a Hopf algebra, Duke 
Math. J. 74 (1994), no. 3, 763-776. 

[13] T. Masuda, Y. Nakagami, and S. Woronowicz, A C* -algebraic framework for quantum 
groups. Internal. J. Math. 14 (2003), no. 9, 903-1001. 

[14] S. Montgomery, Hopf Algebras and Their Actions on Rings, CBMS Regional Confer- 
ence Series in Mathematics, no. 82, American Mathematical Society, 1993. 

[15] P. Podles and S. L. Woronowicz, Quantum deformation of Lorentz group. Comm. 
Math. Phys. 130 (1990), 381-431. 

[16] M. A. Rieffel, On the uniqueness of the Heisenberg commutation relations, Duke Math 
J. 39 (1972), 745-752. 

[17] M. Takesaki, Theory of Operator Algebras U, Encyclopaedia of Mathematical Sci- 
ences, no. 125, Springer- Verlag, 2002. 

[18] S. Vaes and A. Van Daele, The Heisenberg commutation relations, commuting squares 
and the Haar measure on locally compact quantum groups. Proceedings of the OAMP 
conference (Constanta, 2001), Theta, Bucharest, 2003, pp. 379-400. 

[19] A. Van Daele, Multiplier Hopf algebras. Trans. Amer. Math. Soc. 342 (1994), 917- 
932. 

[20] , Locally compact quantum groups. A von Neumann algebra approach, 2006, 

preprint (available as math. OA/0602212 at http://lanl.arXiv.orgl. 
[21] , The Fourier transform in quantum group theory, 2007, preprint (available as 

|math .RA/0609502 at http://lanl.arXiv.org). 
[22] S. L. Woronowicz, From multiplicative unitaries to quantum groups. Internal. J. Math. 

7 (1996), no. 1, 127-149. 
[23] T. Yamanouchi, Double group construction of quantum groups in the von Neumann 

algebra framework, J. Math. Soc. Japan 52 (2000), no. 4, 807-834. 

Department of Mathematics and Statistics, Canisius College, Buffalo, NY 
14208 

E-mail address: kahngb@canisius.edu 



